We study CP-violating phenomena in the production, mixing and decay of a coupled system of CP-violating neutral Higgs bosons at γγ colliders, assuming a Minimal Supersymmetric Standard Model (MSSM) Higgs sector in which CP violation is radiatively induced by phases in the soft supersymmetry-breaking gaugino masses and third-generation trilinear squark couplings. We discuss CP asymmetries in the production and decays of τ + τ − ,bb andtt pairs. We find large asymmetries when two (or all three) neutral Higgs bosons are nearly degenerate with mass differences comparable to their decay widths, as happens naturally in the CP-violating MSSM for values of tan β > ∼ 5 (30) and large (small) charged Higgs-boson masses.
Introduction
The Minimal Supersymmetric extension of the Standard Model (MSSM) [1] offers many possible sources of CP violation beyond the single Kobayashi-Maskawa phase in the Standard Model (SM). However, if the soft supersymmetry-breaking parameters m 0 , m 1/2 and A are universal, only two new physical CP-odd phases remain: one in the trilinear couplings A and one in the gaugino masses m 1/2 . If Nature is described by such a constrained CP-violating version of the MSSM, the production and decays of sparticles would offer many direct signatures of these new CP-violating parameters at high-energy colliders [2] [3] [4] . Additional indirect signatures could be provided by their radiative effects on the Higgs sector [5] , electric dipole moments (EDMs) [6] [7] [8] and B-meson observables [9, 10] .
The Higgs sector of the MSSM is affected, to a greater extent, by the trilinear phase at the one-loop level [5, [11] [12] [13] [14] [15] [16] [17] [18] [19] , and, to a lesser extent, by the gaugino mass phases at the one-and two-loop levels [13] [14] [15] [16] . A complete treatment of this loop-induced CP violation involves a careful consideration of the three-way mixing between the CP-even Higgses h, H and the CP-odd Higgs boson A, including off-diagonal absorptive effects in the resummed Higgs-boson propagator matrix [20, 21] . Many studies have been made of the masses, couplings, production and decays of the resulting mixed-CP Higgs bosons H 1,2,3 , with a view to searches at LEP [22] and future colliders, such as the LHC [22] [23] [24] [25] [26] [27] , the International e + e − Linear Collider (ILC) [28] , a µ + µ − collider [29] and a γγ collider [30] [31] [32] . The main purpose of this paper is to extend the treatment of three-way mixing given previously in [21] to γγ colliders.
The γγ colliders offer unique capabilities for probing CP violation in the MSSM Higgs sector, because one may vary the initial-state polarizations as well as measure the polarizations of some final states in Higgs decays. We illustrate these capabilities by considering coupled-channel H 1,2,3 mixing in τ + τ − ,bb andtt final states. Even with quite small CPviolating phases, sizable CP-violating effects are possible when tan β is large and/or the charged Higgs boson mass is large, so that two or three Higgs bosons are nearly degenerate, as we demonstrate in a couple of specific scenarios. One of these exhibits large mixing between three near-degenerate MSSM Higgs bosons H 1, 2, 3 , and the other scenario features one lighter Higgs boson H 1 and two heavier states H 2,3 .
The layout of this paper is as follows. Section 2 provides basic formulae for the γγ →f f cross sections, including the QED continuum background as well as the Higgs contribution, and introducing CP-conserving and CP-violating observables in polarized γγ collisions. In this connection, we also review the formalism for three-way Higgs mixing, stressing the key role played by off-diagonal absorptive parts. Section 3 presents model calculations of cross sections and CP-violating asymmetries in τ + τ − andbb final states in a specific scenario with strong three-way neutral-Higgs mixing. Section 4 discussestt final states in a scenario with two strongly-mixed heavy neutral Higgs bosons. Finally, Section 5 summarizes our conclusions and presents some prospects for future work.
Polarization-Dependent Cross Sections in γγ Collisions
We study in this Section the processes γγ → ff , where f = τ − , b, or t. We consider three separate cases for the helicities of the initial-state photons and the final-state fermions, and present a classification of all the polarization-dependent cross sections according to their CP and CP T parities.
QED Continuum Background
The tree-level Feynman diagrams for the QED process γγ →f f are shown in Fig. 1 . In the two-photon centre-of-mass (c.o.m.) system, the helicity amplitudes for the QED production of a fermion-antifermion pair take the forms:
where 2) where s θ ≡ sin θ and c θ ≡ cos θ with θ the angle between p 1 and k 1 , and
We allow for independent and measurable polarizations λ 1,2 of the initial-state photons andσ, σ of the final-state fermion-antifermion pair. We note that the last amplitude in (2.2) with completely different helicity states is the least important, since the Higgs-mediated diagram is non-vanishing only when the helicities of photons and/or those of final fermions are equal. Figure 1 : Feynman diagrams contributing to the tree-level QED background, introducing our definitions of the initial-state photon and final-state fermion momenta and helicities.
Coupled-Channel Analysis of Processes Mediated by Higgs Bosons
We now discuss how mixed Higgs bosons may contribute to the various γγ →f f helicity amplitudes, interfering with the above QED amplitudes and, in some cases, violating either CP and/or invariance under the CP T transformation defined below.
In situations where two or more MSSM Higgs bosons contribute simultaneously to the production of some fermion-antifermion pair, one should consider [21] * the 'full' 3 × 3
Higgs-boson propagator matrix D(ŝ), including off-diagonal absorptive parts † . This is given by
3) where M H 1,2,3 are the one-loop Higgs-boson pole masses, and higher-order absorptive effects on M H 1,2,3 have been ignored [16] .The absorptive part of the Higgs-boson propagator matrix receives contributions from loops of fermions, vector bosons, associated pairs of Higgs and vector bosons, Higgs-boson pairs, and sfermions:
4) * For an alternative approach, see Ref. [33] . † As commented in [21] , the complete propagator matrix D(ŝ) is a 4 × 4-dimensional matrix spanned by the basis (H 1 , H 2 , H 3 , G 0 ) [20] . However, the small off-resonant self-energy transitions of the Higgs bosons H 1,2,3 to the neutral would-be Goldstone boson G 0 may safely be neglected for our purposes.
respectively. We use the pinch technique (PT) [34] to evaluate the contributions from pairs of vector bosons and associated pairs of Higgs and vector bosons, following the procedure used in [35] for the SM Higgs sector. 5) where the reduced amplitude Higgs bosons. Relevant aspects of the loop-induced corrections to the H j ff vertices were discussed in [21] . We follow the convention of CPsuperH [36] for the couplings of the Higgs bosons.
For future reference, we note the following properties of the γγ →ff helicity amplitudes under the CP transformation:
Also interesting are the properties under the CP T transformation, where T reverses the signs of the spins and the three-momenta of the asymptotic states, without interchanging initial and final states, and the matrix element gets complex conjugated:
Evidently, the QED helicity amplitudes (2.2) are even under both the CP and CP T transformations. On the other hand, the simultaneous presence of {S It is convenient to distinguish three distinct cases for the helicities of the initial-state photons and final-state fermions.
Case I: Identical photon and fermion helicities
The first case is that of identical photon and fermion helicities, in which case the amplitude may be written as
where M C was given in (2.1), M H was given in (2.5) and we have
The previous discussion of the QED amplitude M C (2.1) yields
and we note that ±; ∓ C = ∓(1 − β f ), which vanishes in the limit m f → 0.
Corresponding to the different combinations of helicities of the initial-state photons and final-state fermions, we have four cross sections:
where σ , λ = ± . After integrating over c θ , we havê
14)
The functions F 1 and F 2 are given by
The helicity-averaged cross section iŝ
We can construct two CP-violating cross sections in terms ofσ σλ : 17) or, equivalently, the two linear combinations
The CP-violating cross section (∆ 1 −∆ 2 ) can be measured without determining the helicities of the final-state fermions.
Finally, the QED continuum contribution is given bŷ
Note that, when f = b , τ , the leading term ofσ C is proportional to N C Q 4 f with a factor m 2 f cancelled. Thus, the QED continuum background cross section for the case f = b is suppressed by a factor 1/27 compared to the f = τ case, without a factor (m b /m τ ) 2 enhancement.
Case II: Identical fermion helicities
In this case, there are two possible final-state fermion helicity states to consider, so the amplitude becomes a matrix: 2.20) where σ = ±, (2.21) and the σ; λ were defined in (2.10).
The polarization density matrices for the two photons are: 22) where the ζ i (ζ i ) are the Stokes parameters which describe the polarization transfer from the initial laser light and electron (positron) to the colliding photon: ζ 2 is the degree of circular polarization and (ζ 3 , ζ 1 ) are the degrees of linear polarization transverse and normal to the plane defined by the electron direction and the direction of the maximal linear polarization of the initial laser light. The polarization-weighted squared matrix elements can be obtained by [37] M
The initial-spin average factor has already been included in the spin density matrices, so that summing over ζ i ,ζ i and σ gives the total cross section. The amplitude squared can therefore be written as
where
We note that the quantities B σ 2,3 are related to the observables in the interference between the amplitudes with different photon helicities requiring linear polarizations of the colliding photon beams, and that the observables C σ i are due to interference with the QED continuum.
We distinguish two categories of cross sections, according to the final-state fermion helicity σ: 25) where X = A i , B j , C k . We define the following quantities obtained by integration over the angle θ: 26) and define Y σλ as in (2.14) . In addition to the functions F 1,2 given in (2.15), the functions F 3,4,5 are
Then, all the 18 cross sectionsΣ X and∆ X can be written in terms of W σ , X σ , Y σλ , and Z σλ . For example, the total cross sectionΣ 27) and the other analogous quantities are given in the second column of Table 1 .
The CP and CPT parities of the various cross sections are also shown in the first column of Table 1 . The CP and CP T parities of the polarization-dependent cross sections can easily be obtained by observing that 28) which are derived from (2.7) and (2.8) . We observe that the half of the cross sections are CP odd.
Case III: Identical photon helicities
In this case, there are two possible initial-state photon helicity states to consider, so the amplitude again becomes a matrix: 29) where ±; λ were also defined in (2.10).
The polarization density matrices for the two final-state fermions arē
Here, P L andP L are the longitudinal polarizations of the fermion f and antifermionf , respectively, while P T andP T are the degrees of transverse polarization with α andᾱ being the azimuthal angles with respect to the production plane. The polarization-weighted squared matrix elements are [37] 
The total helicity-averaged cross section is obtained by summing over P ,P and λ and dividing by a factor 4 to account for the initial-state spin average: 2.32) where
The quantities D Similarly to the previous case, we define two kinds of cross sections, corresponding to the different initial-state photon helicities λ:
Upon angle integration, we define 35) which satisfies
Expressions for the cross sectionsΣ D i and∆ D i after integrating over c θ , together with the CP and CPT parities of the cross sections, are given in Table 1 . We, again, notice that the half of them are CP odd.
We complete this section by noting some relations between the cross sections, derived from the analytic expressions given above:
in a Three-Way
Mixing Scenario
We now present some numerical examples of CP-violating Higgs signatures in τ + τ − and bb production at a γγ collider. As already mentioned, these signatures may be enhanced at large tan β, and three-way mixing is potentially important for small charged (and hence also neutral) Higgs-boson masses. Therefore, we present in this section some numerical analyses in a specific scenario in which all the three neutral Higgs states mix significantly.
Explicitly, we take the following parameter set:
and we consider the following value for the phase of the gluino mass parameter M 3 :
• . In this case, CPsuperH yields for the masses and widths of the neutral Higgs bosons:
We present results for each of the above polarization cases in turn.
CP violation in γγ → bb
In the process γγ → bb, the inability of measuring the polarization of b andb quarks limits us to two observables: the CP-even total helicity-averaged cross sectionσ and the CP-odd cross section∆ 1 −∆ 2 .
In Fig. 3 , we show the cross sections as functions of the invariant mass of the bottom quarks √ŝ . In the left frame, we also show the QED continuum cross sectionσ C as a dashed line. The total helicity-averaged cross section is larger than about 1 pb in the region shown. The maximum center-of-mass energy and the luminosity in γγ collisions are comparable to those in e ± e − collisions [38] . Assuming an integrated γγ luminosity of 100 fb −1 , and high efficiency for b-quark reconstruction, we may expect a sample exceeding one hundred thousand events. This would enable one to probe CP asymmetry at the 1 % level or less in the process γγ → bb, by controlling the polarizations of colliding photon beams.
The CP-violating cross section∆ 1 −∆ 2 is in a range between −1 pb and 2 pb. We define a CP asymmetry as:
In Fig. 4 , we show this CP asymmetry as a function of √ŝ . We observe that |A 0 | is larger than 1 % over most of the region and can be as large as 15 %.
On the other hand, it should be noted that the bb mass resolution in a realistic detector at a γγ collider is expected to be several GeV [39] , in which case the regions of positive and negative A 0 would be somewhat smeared. However, at least in this example, the integrated asymmetry should still be non-zero and observable. Nevertheless, this physics example indicates that some premium should be set on a detector capable of good bb mass resolution.
CP violation in γγ
In this subsection, we consider all the observables introduced in Sec. 2, since the polarizations of tau leptons can be measured in the process γγ → τ + τ − [32] .
In Fig. 5 , we show the cross sections for Case I (identical photon and fermion helicities) as functions of the invariant mass of the tau leptons in the three-way mixing scenario. The upper two frames are forσ σλ . When σ = λ (upper-left frame), the cross sections are around 40 pb and the dominant contribution comes from the QED continuum, as seen fromσ C (dashed line) in the lower-left frame. This large background decreases the significance of the Higgs-mediated process compared to the b-quark case. We observe the sizable difference betweenσ ++ andσ −− , which is just the∆ 1 shown as a solid line in the lower-right frame. When σ = λ (upper-right frame), the cross sections are peaked between M H 1 and M H 2 with sizes of about 2 pb (σ +− ) and 0.5 pb (σ −+ ) as shown by solid and dashed lines, respectively. In this case the contribution from the QED continuum is negligible since the amplitude is suppressed by the factor (1 − β τ ), see Eq. (2.11). Again we see a sizable difference between the two cross sections, which is the CP-violating cross section∆ 2 shown in the frame below as a dashed line.
We show in Fig. 6 the CP asymmetries defined by
The CP asymmetry A 1 is larger than 1 % in the region √ŝ ∼ M H 1 . Assuming 10,000
γγ → τ + τ − events after some experimental cuts to reconstruct the tau leptons and their polarizations, CP asymmetries larger than 1 % could be measured. The intrinsic CP asymmetry A 2 is larger than 10 % in the whole region and can be as large as 70 %. Between √ŝ = M H 1 and M H 2 where the sum of the cross sectionsσ +− +σ −+ is larger than 1 pb, the asymmetry is larger than 50 %. However, the τ + τ − mass resolution is expected, realistically, to be larger than that forbb final states, so that these fine details would be washed out and only asymmetries integrated over the resonance peaks would be observable. see thatΣ C 1 andΣ C 4 , which are CP-odd, are too small to be observed. But the other CP-odd observables∆
Figs. 7 and 8 display the cross sectionsΣ
, which are larger than 0.1 pb, may well be measurable.
Figs. 9 and 10 display the cross sectionsΣ
spectively, in the three-way mixing scenario. Again, the CP-odd cross sections are indicated by dashed lines. The CP-odd cross sections larger than 0.1 pb may well be measurable.
CP Violation in γγ →tt in a Two-Way Mixing Scenario
The formalism developed above applies equally well to the process γγ →tt [31, 40] . However, resonanttt production is not possible in the scenario with strong three-way mixing that was presented previously. Hence, in order to exhibit the possible CP-violating signatures in γγ →tt, we introduce a scenario with a heavier charged Higgs boson and strong two-way neutral-Higgs mixing.
The parameters are taken as:
In this scenario, the masses and widths of the heavier neutral Higgs bosons are 2) with M H 1 = 121.0 GeV.
In Fig. 11 , we show the cross sectionsσ σλ , the helicity-averaged cross sectionσ, the QED continuum cross sectionσ C , and CP-violating cross section∆ 1,2 as functions of the invariant mass of a top quark pair, √ŝ . The line conventions are the same as in Fig. 5 . For σ = λ, the cross sections lie between 1.3 pb and 1.8 pb. The difference between two cross sections,∆ 1 , is about 0.4 pb at √ŝ = M H 2 , but is much smaller at √ŝ = M H 3 , as shown in the lower-right frame. When σ = λ, the cross sections are about an order of magnitude smaller than those for the case σ = λ. The difference of the cross sections,∆ 2 , could be as large as 0.1 pb at √ŝ = M H 2 . The cross sections may well be large enough to be measurable. Two CP asymmetries A 1,2 which are defined in (3.4) , are shown in Fig. 12 . We see large CP asymmetries only around the H 2 Higgs-boson peak for the parameter set chosen. In Figs. 13 and 14, the cross sectionsΣ
shown, respectively. All the cross sections larger than 0.01 pb may well be measurable. Even the smallest CP-odd cross sectionsΣ 
tively, in the two-way mixing scenario. Again, the CP-odd cross sections are indicated by dashed lines, and the CP-odd cross sections are large enough to be measured.
Conclusions
There is general agreement that the CP violation contained in the Standard Model, though it is consistent with all the laboratory data available so far, is inadequate for generating the baryon asymmetry of the Universe. One of the most appealing scenarios for physics beyond the Standard Model that might yield sufficient supplementary CP violation is supersymmetry which reopens the possibility of baryogenesis at the electroweak scale [41] . Supersymmetric CP violation may appear directly both in sparticle production or decays and in the production and decays of MSSM Higgs bosons.
We presented previously a general formalism for analyzing CP-violating phenomena in the production, mixing and decay of a coupled system of multiple CP-violating neutral Higgs bosons, and applied it to Higgs production and decay at the LHC [21] .
In this paper, as a further application of this formalism, we have studied in detail the production and decays of CP-violating MSSM H 1,2,3 bosons in γγ collisions, studying τ + τ − ,bb andtt final states. We have constructed more than 20 independent observables by exploiting the controllable beam polarization at γγ colliders and the possibly measurable final-fermion polarizations. We have classified them according to their CP and CPT parities and note that the half of them are genuine CP-odd observables. We have considered two specific MSSM scenarios that predict either (a) three nearly degenerate, strongly-mixed Higgs bosons with M H 1,2,3 ∼ 120 GeV or (b) two nearly degenerate, strongly-mixed Higgs bosons with M H 2,3 ∼ 490 GeV. Some of the CP-violating signatures we have explored may be quite large, rising to 20 % in some cases. Particularly promising examples seem to be the asymmetry A 0 in γγ →bb in the three-way mixing scenario, and the asymmetries A 1 and A 2 for the processes γγ → τ + τ − in the three-way mixing scenario and γγ →tt in the two-way mixing scenario. However, many other potential signatures may also be interesting.
Our study confirms that a γγ collider would be a valuable tool for unravelling CP violation in the MSSM. In particular, the controllable initial-state polarizations offered by a γγ collider could provide sensitive tools for unravelling the origin of CP violation and, by extension, the possibility of electroweak baryogenesis. 
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